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Abstract. We present a systematic way to construct solutions of the (n = 5)-reduction of the 
BKP and CKP hierarchies from the general r function of the KP hierarchy. We obtain 

the one-soliton, two-soliton, and periodic solution for the bi-directional Sawada-Kotera (bSK), 
the bi-directional Kaup-Kupershmidt (bKK) and also the bi-directional Satsuma-Hirota (bSH) 
equation. Different solutions such as left- and right-going solitons are classified according to the 
symmetries of the 5th roots of e le . Furthermore, we show that the soliton solutions of the 72- 
reduction of the BKP and CKP hierarchies with n = 2j +1, j = 1, 2, 3,..., can propagate along 
j directions in the 1 + 1 space-time domain. Each such direction corresponds to one symmetric 
distribution of the nth roots of e ie . Based on this classification, we detail the existence of 
two-peak solitons of the n-reduction from the Grammian r function of the sub-hierarchies BKP 
and CKP. If n is even, we again find two-peak solitons. Last, we obtain the ’’stationary” soliton 
for the higher-order KP hierarchy. 


1. Introduction 

The Kadomtsev-Petviashvili (KP) hierarchy is of central interest for integrable systems and 
includes several well-known partial differential equations such as the Korteweg-de Vries (KdV) 
and the KP equation. With pseudo-differential Lax operator L given as [1-3] 

L = d + u 2 d~ 1 + u 3 d~ 2 H-, (1) 


the corresponding generalized Lax equation 

dL 

— = [B n ,L], n= 1,2,3, •••, (2) 

gives rise to the infinite number of partial differential equations (PDEs) of the KP hierarchy 

n 

with dynamical variables {ui(ti,t 2 , t 3 , ■ ■ ■ )} with i = 2, 3,4, • • •. Here B n = ^ b n ^d l = (L n ) + 

i =o 

denotes the differential part of L n and in following we will use L n _ = L n — B n to denote the 
integral part. 

The simplest nontrivial PDE constructed from Q is the KP equation given as 


d f^duo 


dx V dU 


12 u 


du 2 d 3 U ; 


dx dx 3 


d 2 u 2 

dto 


= 0 


( 3 ) 


In Table [U we show the Lax operator and corresponding (1 + 1)-dimensional examples of sub¬ 
hierarchies of the KP hierarchy. An alternative way to express the KP hierarchy is given by 
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the Zakharov-Shabat (ZS) equation [22], 


0B n dB„ 


dt„ 


dt r 


+ [B n: B r 


0, m, n — 2, 3,4, • ■ • 


( 4 ) 


The eigenfunction 0 and the adjoint eigenfunction if of the KP hierarchy associated with 
equation 0 are defined by 


dt r 




( 5 ) 


where 0 = 0(A; f) and 0 = 0(A; f) and i = (f 1; t 2 , ■ ■ ■ ). 

The n-reduction of the KP hierarchy corresponds to the situation L'j = 0 such that L" = 
B n = d n + v n - 2 d n ~ 2 + • • • + v\d + vq. Then the Uj, i = 0,1, • ■ ■ ,n — 2, are independent 
of (t n , t 2n , t^m ■ ■ • )■ In this way the Lax pair of the (1 + l)-dimensional integrable system 
can be found. Well-known examples of such n-reductions include the 4-reduction of the KP 
hierarchy [13] with Lax pair 


(c0 + 4 ud 2 x + 4 u x d x + 2 u xx + 4u 2 + u)0 = A0, 


( 6 ) 


3 

dt<f> = {dl + 3 ud x + -u x )4>, t { = x, t 3 = t, (7) 

corresponding to the Satsuma-Hirota (SH) equation [13] 

4tq 12 uu x T 'Uxxx T 3ue 0, 2u^ T Quv x T n xxx 0. (8] 

Furthermore, eliminating v in the above equations, we can obtain a 6th order equation (u = z x ) 


T z xx xxxx 2 z xxx t T 1 8z x z XX xx T 36z xx z xxx T 72 z x z xx 0, (9) 

which has been called bi-directional Satsuma-Hirota (bSH) equation [23]. Naturally, there also 
exist n-reductions of the BKP and CKP hierarchies. For example, the 5-reduction of the BKP 
hierarchy with u = u 2 is given as 


10 5 

d b x + 5 udl + 5u x dl + (5 u 2 + —u xx + -z t )d. 


0 = A 0, 


( 10 ) 


dtf = (dl + 3 ud x )4>, u = z x , t 3 = t, ti = x , (11) 

which is the Lax pair corresponding to bi-directional Sawada-Kotera (bSK) equation [10,11] 

(zxxxxx T 1 5z x z xxx T 1 5z x 15^^ 5 z xx t) x 5 Ztt = 0. (12) 

The 5-reduction of the CKP hierarchy (u = u 2 ) with Lax pair [10,11] 


r oS 1^ /r 2 35 5 5 5 

d x T oud x T u x d x T (5 u T u xx T ~Zfjo x T 5 uu x T ~u xxx T ~Ut 
2 6 3 3 6 


<9 f 0 = (d'l + 3 ud x + -u x )4>, u = z x , t 3 = t,t 1 = x , 
gives the bi-directional Kaup-Kupershmidt (bKK) equation 


0 = A 0, (13) 

(14) 


o 45 2 

T l^ZxZxxx T 15 ^ t 15^ x Zf 5 z X xt T —rz x 


5 za = 0. 


X 


(15) 
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An essential characteristic of the KP hierarchy is the existence of the r-function and all 
dynamical variables {iq}, i — 2, 3,..can be constructed from it [1,2], e.g., 


u 2 


d 2 
dx 2 


log r, 




(16) 

(17) 


So it is a central task to construct the r-function in order to solve the nonlinear PDEs associated 
with the KP hierarchy. In the following, we will show that 0 and 0 play a key role in this 
construction. 

Gauge transformations [24, 25] offer an efficient route towards the construction of the r 
function of the KP hierarchy. In Ref. [26] two kinds of such a gauge transformation have been 
proposed, namely, 

T D {<j>) = 0<90"\ 17 ( 0 ) = 0~ 1 cT 1 0 (18) 

resulting in a very general and universal r function (see equation (3.17) of [26] and also /M4,n 
in [27]). The determinant representation of the gauge transformation operators with (n + k ) 
steps is given in Ref. [27]. In particular, the Grammian r function [28] of the KP hierarchy 
can be generated by an iteration of the transformation [26,29,30]. This is straightforwardly 
understood from Chau’s r function and the determinant representation [27] if we impose a 
restriction on the generating functions of the gauge transformation. Grammian r function have 
also been used to solve the reduction of the constrained BKP and CKP hierarchies [31-33,36]. 

There are two issues that arise when one wants to study the solutions of the (1 + 1)- 
dimensional solitons equations given by the n-reduction of the BKP and CKP hierarchies. 
The first is how it retain the restrictions, i.e. L* = — dLd~ l ior BKP and L* = —L for CKP, for 
the transformed Lax operators L = TLT _1 . In other words, the problem is how to obtain 
the T-functions r^p^and from the general r-function 0 n+fc) = IWk, n T ( ' 0 ' > with the gauge 

transformation T n+ k of the KP hierarchy. Here is the initial value of the r-function of 
the KP hierarchy. Also, the generating functions 0j, ipi of the gauge transformation will be 
complex-valued and related to the n-tli roots of e l£ . The second issue therefore is how to choose 
generating functions 0* = 0(A*; x, t) and 0* = 0(/q; x, t )) such that and correspond 

to a physical r-function r^ +fc \ which is real and positive on the full (x, t) plane. 

In fact, the bKK and bSK equations have been introduced recently by Dye and Parker [10,11] 
when looking for the bidirectional soliton analogues of the Sawada-Kotera (SK) [6,7] and Kaup- 
Kupershmidt (KK) [8,9] equations. The Lax pairs of bKK and bSK related similarly as the Lax 
pairs of KdV and Boussineq equation, thus ensuring their integrability. Both bKK and bSK 
equation have a bidirectional soliton solution [10,11] which have been obtained by the Hirota 
bilinear method [37]. The profile of the bKK solitons depend on their direction of propagation. 
The right-going solitons of bKK are standard one-peak solitons, but the left-going solitons have 
two peaks. Very recently, Verhoeven and Musette [23] have plotted the bi-directional solitons 
for the bKK and bSH equation based on the Grammian r function. 

In this paper, we want to study why the 5-reduction of the BKP and CKP hierarchies have 
bidirectional soliton solutions, whereas their 3-reduction does not. As a first step, we will 
therefore exhibit the relationship between the periodic, left-going and right-going solitons of 
the 5-reduction and the 5-th roots of e l£ . In order to do so, we derive the r functions of the BKP 
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and CKP hierarchies in sections 2-4. The explicit formulas of the corresponding r-functions for 
solitons as well as for the periodic solutions of bSK and bKK are given and the two-peak soliton 
is discussed in detail. In section 5, we will prove that no two-peak solitons exist for the bSH 
equation. The one-peak soliton has bi-directional motion and we also obtain the periodic and 
two-soliton solutions. In section 6, we will discuss the lower and higher-order reductions of BKP 
and CKP hierarchies and also the n =even-reductions of the KP hierarchy. We will show that 
the soliton of the (2 j + l)-reduction of BKP and CKP hierarchies can move along j directions 
(j = 1,2,...), investigate the relationship with the symmetric distribution of the (2 j + l)-th 
roots of e* £ . In particular, we will obtain the ” stationary” soliton for the higher reduction of 
the KP hierarchy. For the higher-order equation and even-reduction of KP hierarchy, we can 
again find a two-peak soliton. 


2. T FUNCTIONS FOR BKP AND CKP HIERARCHIES 
Let us first define the generalized Wronskian determinant 


IW Kn = IW kin {g^\gfl 

Jo). AO) 

1? ’ ' ' 5 i/l 5 Jl 

AO) 

5 J2 5 * * * 

,/D 



o 

S* 

05 

Ssf-lf 

or 

AO) 

J 3 

Suf-Sh 


jYV/r 

/sfr/f 

j&- 

AO) 

■hi 

is r-r 


Jsr-jf’ 

h r-zf 

/r- 

AO) 

J 3 

Ish-fh 


if 

AO) 

J 2 

AO) 
J 3 


AO) 

Jn 


A o) 

J 1,X 

AO) 

J 2,x 

AO) 

J 3,x 


AO) 

Jn,x 


(0) ^ (n—k— 1) 

(/ (0) )(n _ fc _ 1} 

(fPA 

-k- 1) 

(/,i 0) ) (n - fc - 1) 


TABLE 1. Examples of sub-hierarchies of the KP hierarchy, Lax operators used to 
construct them and resulting equations. The symbol * indicates the conjugation, for 
example, d* = —d. There are some abbreviations used in Table: Sawada-Kotera 
(SK), bi-directional Sawada-Kotera (bSK), Kaup-Kupershmidt (KK), bi-directional 
Kaup-Kupershmidt (bKK), Satsuma-Hirota (SH), Yajima-Oikawa (YO), Modified 
KdV (MKdV), Non-linear Schrodinger (NLS),constrained KP(cKP). 


sub-hierarchy 

Lax operator 

example equation 

BKP [1,4] 

L* = -did - 1 

SK [6,7], bSK [10,11] 

CKP [4] 

L* = -L 

KK [8,9], bKK [10,11] 

n-thKdV [5] 

L n _ = 0 

KdV [12], Boussinesq-type [2], SH [13] 



n = 2, 3,4 

cKP [17,21] 

L = d + <pd'~ lr 4> 

YO [14], MKdV [15], NLS [16] 






SOLVING BI-DIRECTIONAL SOLITON EQUATIONS 


5 


In particular, IW 0)U = W n ' • • , fn^ with ^= 9 Jj k is the usual Wronskian 

determinant of functions {/j 0> , • • ■ , fn ' 1 } • We shall also use the abbreviation f f — f fdx 

with integration constant equal to zero. 


Lemma 2.1 ( [26,27]). The r function of the KP hierarchy generated by the gauge transfor¬ 
mation T n+ k is given as 


r (n+k) = , ^i 0) ; <t>i\ ■■■ A { n) T 


( 0 ) 


( 20 ) 


where (^ 0) ,^ 0) J = *;i),are solutions of equation 01 with initial value t® for 

the r-function and the initial values of the {iq} are Here {0-°\ 'ff ' 1 } are called generating 

functions (GFs) of gauge transformation. 

Let us now discuss how to reduce the in (EDI) to the t function of the BKP hierarchy. 

The key problem is how to keep the restriction (L( n+fc ))* = — dH n+k ld~ l under the gauge 
transformation T n+k [27]. It should be noted that t = (t 1; t 3 , t 5 , • • •) in BKP hierarchy. 

Proposition 2.1 (see Refs. [30,39]). (1) The Lax operator transforms as L^ n+k l = T n+k LT n + k 

under the gauge transformation T n+k with n — k and generating functions 
for i — 1 , 2, ■ • ■ , n. 

(2) The r function Tg” < t p n ' ) of the BKP hierarchy is 



(n+n) 

'BKP — 

iw, hn 

(4°L <Pn-l,x, ■ ■ 

, 0i o) . </4°V • • 



J <Pnl ■ 

f 0n,l 

0<»> 

f (fnl ■ 03° } 

■■■ M°L 

a(°) 

Pn-l 

\(4$ ] 

) 2 

5 <t>n--L,x ■ <t> 

7 MV 

•4 0) 

I x ■ 03 O) 


-l) 2 

S fn- 1 ,, 



W?) 2 

/^•4 0) 

■■■ MT 

b» (0) 

Pn-1 

MT 


§(d 0> ) 2 


4 0) 

/<«•# 

■■■ M°h 

d» (0) 

Tn—1 

J>S- 



( 21 ) 


T, 


( 0 ) 


BKP 


( 22 ) 


Proof. (1) It is clear that a single step of the gauge transformations T D or T r can not keep 
the restriction. So we use 

T = T 1+1 = Tj ■ T d (^ 0) ) (23) 

such that the lax operator is Z7 2) = TLT~ l . Let us check whether it satisfies the 
required restriction 

(L< 2 >)* = -dL^d- 1 (24) 

which means in terms of T that 
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Based on the determinant representation of T [27] we see from (12511 that 


r.h.s 

l.h.s 


d~ l ^ ] 



0iM O) 

J>M 0) 

(»)„/,( 0 ) • 


m u v i 


(26) 

(27) 


This implies So we have seen that in order to keep the restriction of the 

Lax operator, we have to regard T = Ti + i as basic building block in iteration of the 
gauge transformations T n+k . In particular, 



and so on such that k = n and = ofl for i = 1 , 2 ,. .., n. 

(2) According to the determinant of T n+k [27] and [26,27] with k = n and = b-°j, 

i — 1, 2, • • • , n, p M ' ) can be obtained directly from r (n+fc ' 1 as in fjemma f2.11 

□ 


For the CKP hierarchy, we have again t = (^,£ 3 , £ 5 ,...) and the restriction is (L( n+fe ))* = 

_£(n+fc)_ 

Proposition 2.2 (see Refs. [30,39]). (1) The appropriate gauge transformation T n+k is given 

by n = k and generating functions ijjf* = for i — 1,2,... ,n. 

(2) The t function of the CKP hierarchy has the form 

(29) 




(n+n) 

'CKP 

/ir. 

>,4tf’> 

tf/lT 


4V 

--.tf’) 


tf 

tf’ 

/tf”- 

tf> 

/tf"’ 

tf’ 

■■■ /tf’- 


/tf’- 


tf 

■ tf ’ 

Ml 

-tf 1 

Mb 

'tf’ 

--- Mb 

• 4>n -1 

Mb 

•tf 

f - 

tf’ 

/tf’- 

tf’ 

/tf’ 

tf’ 

- /tf’- 

0n-l 

/tf’- 

tf 

tf 

tf’ 

/tf’- 

tf’ 

/tf’ 

tf’ 

... Jtf>. 

0n-l 

/tf’- 

tf 


T, 


(0) 

CKP 


(30) 


Proof. 


(1) Similar to the BKP hierarchy we have to try the two-step gauge transformation 
T = T 1+1 = T r (V! 0 ) T d (0! o) ) . (31) 

With Z/ 2) = TLT~ l , the restriction (L®)* = — then implies 

Td (#) T f (<rf 0) ) = Tj (^ 1} ) T d (< } ) . (32) 
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Based on the determinant representation of T [27], we find from (1321) that 


rdi.s 

l.h.s 


d- 

d- 


M 0, vP 

M°Vf” 


a-yi 01 . 


(33) 

(34) 


Then . Again, we have to regard T — T/ [V/'j T D (V, 1 ' 1 ''j as basic building 

block such that 



so k — n and = <^ 0) for i — 1, 2,..., n. 

(2) According to the determinant of T n+k [27] and r- n+fc ^ [26,27] with k — n and = d-°' ) , 
i = 1, 2, • • • , n, T&+” 0 is obtained directly from r ( " n+fc ) in Lemma 12. II 

□ 


In fact, we can let -0- 0 ' 1 = (or -0® = Ciffl) with constants c,;. However, the new 

t bkp^ ( or r CKp 1 " ) ) associated with (or 0^ = Ciffi) is equivalent to the ones 

in Proposition 12.11 for Proposition 12.21) . Although Refs. [30,39] have results similar to our 
Propositions 12.11 and 12.21 our approach is more direct and simpler for the construction p n ' ) 
and 'Tqkp > . If the initial values of dynamical variables {«*} of BKP(CKP) hierarchy are zero, 
then the equations in © of = (0(A*; t), tH/bb t)) become more simpler as 

= [a^(A;()] , i=( fl ,( 3 ,( 5 ,...), (36) 

hAA = (_!)„« [ 9>(k j)] _ (=((,, t3 , (5 ,...), (37) 

and Tg^p = l(r ( l ( ^ ; p = 1). Last, we note that for the generalized KP (gKP) hierarchy with 
Lax operator L = L n , n = 2,4, 6, 8,..., and L* = L, the r function generated by gauge 

transformations T n+k has the same form as for the CKP hierarchy. This result will afford a 
simple way to construct the r function of bSH equation in Section 0 


3. SOLITON SOLUTIONS OF THE BSK EQUATION 

As pointed out in the introduction, there are two steps en route from a r function r^ n+k ^ 
generated by the gauge transformations T n+k of the KP hierarchy to the r function of equations 
as the n-reduction of BKP or CKP hierarchies. The second step is to build physical r functions 
from the complex-valued ^ and R^p”' 1 constructed in the last section. In the following 
Sections, we will illustrate our approach by computing the r function for the 5-reduction of 
BKP and CKP, i.e., for the bSK and bKK equations. 
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The 5-reduction of the BKP hierarchy is the bSK equation m ■ Assume for the initial value 
u — 0 in equations m and ED, then <p[ 0) = 0(A x, t) are solutions of 

x, t) = x , t), = (cPdfAy x, t )) . (38) 

So proposition 12.II with r^p = 1 implies that the r function of bSK is given as follows. 


Proposition 3.1. The r function of the bSK equation generated by T n+n from initial value 1 
is 


Jn+n) _ f , (0) , (0) . . AO ). AO) AO) _ _ _ 

' bSK ~ lvv n,n \fP n ,xiVn-l,xi > Pl, x’ Pl > P2 > , 1 

and the solution of the bSK equation generated by T n+n from initial value 0 is 

u = d 2 x (log r^K n) 

Here df ' 1 = 0(A f,x,t) are solutions of equation Ulty) . 


(39) 

(40) 


In general, this r function T^^ n> for bSK is complex and related to 5-th roots of e l£ . We 
have to find the real and non-zero r function from it such that u in equation (HOD is a real and 
smooth solution of bSK. This is main task of this section. We start by analysing the solution 
<f>(\]X,t) of equation (IHHll and make the universal ansatz 


5 

0(A \x,t) = e^+tPj, with p) = A. (41) 

3 = 1 

Here pj = kex p k 5 = |A|, k e M, 0 < e < 2n and j = 0,1, 2, 3,4. There are two 

important ingredients which we can use to hnd the desired solution. The first is that the 5- 
th roots £j = exp ( £ +( !7rJ i) of e l£ are distributed uniformly on the unit circle in C. So for a 
suitable value of e there exist combinations of pf's which are symmetric upon reflection on the 
x-axes; similarly for the y- axes for other values of e. The second ingredient is that tusk and 
exp {ptx + (3t) TbSK will imply the same solution u since u = ^logrbSK- Here, a and (3 are 
arbitrary, complex constants. Therefore we can obtain the desired real and smooth solutions 
of the bSK if TbSK can be expressed as Tbsic = e ax+l3t fbSK ^ fbSK, in which fbsic is a real and 
nonzero function although TbSK is complex. We call r b sK the physical r function for the bSK 
equation. Based on the above arguments, let us make the refined ansatz 

<t>{ A i; x, t) = A ie pix+p3 d + B ie qix+q3 \ Pl = k ie i£ \ qi = -he-^.kl = (A^, h e R, (42) 


or 

0(Ai ;x,t) = A 1 e PlX+p3t + B ie qix+q3t , Pl = he i£l , qi = k ie ~ i£ \kl = |Ai|, h e R, (43) 

and in the next step we need to fix the ratio yf. We stress that the above analysis is also true 
for the derivation of the bKK equation. 


Proposition 3.2. Define = xAqcosei + tkf cos 3ei. Then the physical r function of bSK 
generated by T 1+1 is 


d 1 + 1 ) _ e 26 


' bSK 


B i 

+ , T 


+ 2 (A 


2 


(44) 
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and the corresponding one soliton u 


d't log t, 


(i+i) 

bSK 


is given as 


u = 



(45) 


Here > 0. The velocity of the moving soliton is v = and can be both positive 

and negative depending on the choice of E\. Specifically, we have v_ = v \ ei= < 0 and v + = 

V\ r -3n > 0 . 

Itl— 10 


Proof. 


,-(1+1) 

' bSK 



j^2^2i(xki sinei +tkf sin3ei) 



(46) 


and 


4>(\i]x,t) defined by equation (1TZJ) . 


□ 


Let us point out a relation between the distribution of the 5-th roots of e l£ and the direction 
of movement for the soliton. 

(1) ( e l£l | £1 = 7 r/io, — e~ l£l | £1=7r / 10 ) —> one distribution of 5-th roots of e l£ —> ( p± = kie l£l | £1=7I y 10 , 
qi = — kie~ l£l | £1=7r /io) in equation (EEj —> i>| £1=7r /i 0 < 0, left-going soliton u in equation 

Si ; 

(2) (e^ 1 | £1=37r /io, —e l£1 | £1 =37r/io) —> another distribution of 5-th roots of e l£ —» ( p 1 = 

k\e 1 |£ 1= 37r/i0) 

qi = —Aqe - * 61 | £1=37r / 10 ) in equation (TI21) —> v| £1=37r / 10 > 0, right-going soliton u in 
equation (Si . 

We can see from equation Si that the one-soliton of bSK has only one peak in its profile. 
The process of generating a two-soliton by T 2+2 is more complicated. 
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Lemma 3.1. With </>(Ai ;x,t) and </>(A 2 ,x,t) as in equation and using Proposition I .Ail 

(2+2) - ■ t 

r bSK b v 

( 2 + 2 ) /i 2 /i2„2i[a:(fci sinei+fc 2 sin£ 2 )+t(fe? sin3ei+fe| sin3£2)l w 

T bSI< ~ A 1 A 2 e L - J X 

f (4^i - /i)e 2 ^+^) + (4^ - /i)e- 2 ^+^) /5i\ 2 /iM 2 

t 4 [/cf + k% + 2fcifc 2 cos(ei — £ 2 )] 2 4 [fcf + A;f + 2kik 2 cos(£i — £ 2 )] 2 V^i / V^ 2 / 

+ ~(4z 3 + h)e 2 ^-^ (BA 2 + -(44 + h)e-^~^ (BA 2 

4 [fcj + fcf — 2/cifc 2 cos(ei + e 2 )] 2 V ^2 / 4[kf + k% — 2k\h 2 cos(£i + £ 2 )] 2 \^4i / 

_ {2iz 5 - / 5 )e 2gl _ /BA 

2 \k\ “I - k 2 ~\~ 2jk\k>2 cos(<Si — ^ 2 )] \k\ ^2 — e 2k\k2 cos(<Si ^ 2 )] \^42 / 

_ (-2 izt - h)e~^ _ /5i\ 2 {BA 

2 [k\ + kl + 2kik 2 cos(£i - e 2 )] [kj + k% — 2kik 2 cos(£i + e 2 )] \A 1 ) \A 2 ) 

_ (~2iz 7 - fs)e 2 & _ /BA 

2 \k\ T k^ T 2k\k 2 cos(£q — £ 2 )] [4 4~ k 2 — 2 k\k 2 cos(£y 4- £ 2 )] v^i / 

_ (2 iz* 7 - h)e~ 2i2 _ (BA (BA 2 

2 \k\ ~\~ k>2 ~\~ 2,k\k2 cos(<Si — ^ 2 )] \k\ ^2 — c 2k^k2 cos(<Sx H - £ 2 )] \^4i / \-^4.2 / 

_ zM+ k Al _(ft) (ft) 1 W) 

2 [k\ + k% + 2kik 2 cos(£i - e 2 )] [kj + k% — 2k\k 2 cos(£i + e 2 )\ ) \A 2 ) I 

Here the Zi, i = 1, 3, 5, 7 are given m0] and fi = [kf + k\ + 2k\k 2 cos(£i — £ 2 )] 2 , 

/ 3 — [k\ + k\ — 2k\k 2 cos(£i + £ 2 )] 2 and / 5 = 4 / 1/3 > as we ^ as Ci — x h cos£* + tkf cos3£j for 
i = 1 and 2. 


We now need to find a suitable solution of ^,i = 1,2 such that the summation of terms in 
the {} bracket of equation (1-T71) is a positive function on the whole (x,t) plane. The following 
two lemmas is useful. Let z\ = 4zi — fi,z' 3 = 4z 3 + f 3 , z' 5 = 2iz§ — f 5 ,z' 7 = —2iz 7 — f§, and 
Zi, i = 1, 3, 5, 7 given in 1X1 


Lemma 3.2. For z\, i = 1, 3, 5, 7 there exist relations 

-z[z' 3 = (4) 2 ; -4 (4)* = (4r 



, and g 2 


= g 2 , 

— 96 : 


hold. 



(48) 


(49) 

(50) 

(51) 


The i = 1, 2 in Lemma [3.31 are what we are looking for, and then the physical r function 
4 sk 2) §i ve by following proposition. 
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Proposition 3.3. 

.( 2 + 2 ) _ 


' bSK 


e 2 (£i+£2) 


+ 


9 26 


-2(ft+6) 


+ 


4(fcf + + 2&q£; 2 COs(£i — e 2 )) 4(fc^ + + 2Aqfc 2 COs(£i — £ 2 ))' 

g 2 (Sl-$2) g-( 2 ^l-?2) 


4(fc^ + k% — 2k\k 2 cos(ei + e 2 )) 4(/cf + k% — 2A+fc 2 cos(£i + £ 2 ))' 


,2€l 


2 (ki 

+ 

kl 

+ 

2k\k 2 

cos(£i 

- e 2 )) (k\ + 

kl- 

- 2k\k2 

COs(£i 

+ 

£ 2 )) 







9ee~ 2a 






2 (kl 

+ 

kl 

+ 

2k\k 2 

cos(ei 

- £ 2 )) (kj + 

kl- 

- 2k\k2 

cos(ei 

+ 

£ 2 )) 







e 2 6 






2 (H 

+ 

k\ 

+ 

2k x k 2 

cos(ei 

- £ 2 )) (kj + 

kl- 

- 2k x k 2 

COs(£i 

+ 

£ 2 )) 







9se~ 2 ^ 2 






2 (kl 

+ 

k 2 2 

+ 

2 kik 2 

cos(ei 

- e 2 )) ( k'l + 

kl - 

- 2 kik 2 

cos(ei 

+ 

£ 2 )) 







{kl + kl) 2 g 9 






2 (*? 

+ 

kl 

+ 

2k\k 2 

cos(ei 

- £ 2 )) (k'f + 

kl - 

- 2k\k2 

COs(£i 

+ 

£ 2 )) 


(52) 


the two soliton solution is u = {d'f r . log f t ^g^ 2 ' ) ). In particular, £± = e 2 = ^ results in two 
overtaking solitons and moving in negative direction; £+ = £2 = ff produces two overtaking 
solitons and moving in positive direction; £ x — yjj,£ 2 = results in two head-on solitons. 


We have plotted the one solitons in figure Q associated with parameters Ai — Bi — 1, k\ — 1 
of equation (TTH1) . The two solitons in Proposition 13.31 are shown in figure [21 associated with 
parameters k\ = 2 and fc 2 = 1.3. 


U 



u 



FIGURE 1. Single left- and right-going solitons for the bSK equation m ■■ 
£1 = Jo ( left ); £ i = if (right). 
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U 




u 



10 

FIGURE 2. Two left- and right-going as well as head-on colliding solitons for the 
bSK equation (TH21) : e\ = £2 = jq (left), £1 = £2 = f§ (right) and eq = e 2 = 
(collision). 


4. Periodic and soliton solutions of bKK equation 

The 5-reduction of the CKP hierarchy yields the bKK equation equation (USD. Let the initial 
value be u = 0 in Eqs. cl and (USD, then = 0(A i',x,t) are solutions of 




d(p(X i]x,t) 
dt 


= (& x <t>{\\x,t)). 


(53) 


So the Proposition 12.21 implies the r function of bKK equation. 
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Proposition 4.1. The r function of the bKK equation generated by T n+n from initial value 1 
is 


d<t n) = 1 . 

7 

44-, 44, 

44,- 

■■,44) 





J44- 

44 

J44- 

44 

J 44 

44 

■■■ 144 

A°) 

< r n - 1 

S 44 



S 44- 1 

■ 4? 

1444 

■44 

144-, 

■44 

■■■ S44~i 

■6 (0) 
Xn- 1 

f 44-i 



I4°>- 

4? 

144- 

44 

J44 

44 

■■■ S44- 

d. (0) 

Yn -1 

144 



J44- 

44 

144- 

44 

144 

44 

... j44- 

Yn-1 

144 



and the solution u of the bKK from initial value zero is 

U = (^logT^K n) ) ■ (55) 

Here of = 0(A 4 ,x,t) are solutions of equation 

As before, rfff ' 1 is complex and related to the 5-th roots of e l£ and again we have to find 
a physical r function ^ such that u in equation (1551) is real and smooth solution includes 
solitons and periodic solutions. The case of n = 1 and n — 2 will be discussed in detail. Similar 
to the bSK equation, we should assume the solutions of equation (|55|) as 

0(Ai; x, t) = A ie pix+p3 d + B ie qix+q3t , Pl = k ie i£1 , qi = -k ie ~ i£1 , k\ = |Ai|, k x e M, (56) 


or 


0(Ai;x,t) = A ie pix+p3t + B ie qix+q3t , Pl = he i£ \ qi = k^e~^,k\ — |Ai|, ki e R, (57) 

to extract physical r function flffl' 1 from rfffff ’. At first, we would like to give the two simple 
cases which are generated by the gauge transformations Ti+i. 


Proposition 4.2. Let £i = xk\ cosei +tkf cos3£i ; ^ = ie l£1 and <ff = 
equation (E5Jj, then the physical r function of bKK extracted from ff 


4>(\i,x,t) defined by 
is 

74—1 


Tr 


(1+1) _ 


bKK 


= e 


e 


-26 


+ 


Sill E\ 


(58) 


and the corresponding one soliton u 


<92 log f, 


(i+i) 

bKK 


is 


4kl (cos.,) 2 (l + ^gjfc) 
(cosh 2£, + m-) 


(59) 


with £1 = or . The velocity of the soliton is v = ■ 7n particular, the left-going 

soliton have two peaks in its profile and the negative speed v_ = u| ei=JL ; the right-going soliton 
have only one peak and positive speed v + = nl . 

E1_ 10 
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Proof. Taking 0^ = cj)(Xi,x,t) of equation (1331) and n — 1 back into Proposition 14.11 the 
straightforward calculation leads to 


-(i+i) _ 


bKK 


(0)V _ 


2 ^2i(xki sin £\-\-tk J sin 2t £\) 


2pi 


e 26 + e - 2? 1 + 


sin e 1 


(60) 

□ 


Here = xk\ cosei + tkf cos3ei 

If 0^ = 0(Ai; x, t ) defined by equation (1571) . then we can get a periodic solution as following 
proposition. 

Proposition 4.3. Let rp = x&qsinei + tkf sin3ei, and dj 0 ' 1 = 0(Ai;x, t) defined by equation 
f371 h Hi = B\ = 1 in 0i°, then the physical r function of bKK extracted from r, 

1 


_(n+n) 

'bKK 


IS 


n =1 


f(i+i)_ 

'bKK 


COS E\ 


+ cos(2?7i - £i) 


(61) 


and the corresponding solution 


u = 


d 2 x \ogfi 


(i+i) 

bKK 


—Ak\ sin 2 £i f cos(2r?1 ~ 2£l) + A 

1 1 \ COS £± J 

(rT + cos ( 2 0i - i'i) 


(62) 


is periodic. Here £\ — ^ or The velocity for the solution is v = —k\ ■ If £i = u 

in equation (G03) is a left-going periodic wave. If £\ = u in equation JH) is a right-going 
periodic wave. 


Proof. 


Ti 


( 1 + 1 ) _ 
bKK — 


•>WV- e 


2(xk\ cos £i+tkf cos 3ei) 


4 fci 


COS £\ 


+ cos( 277! - £i) 


Here rji = xki sin e l + tk\ sin 3ei, and 0 < j°' ) = 0(Ai; x, t) is dehned by equation (1371) . 


(63) 

□ 


Based on Propositions 14.21 and 14.31 we can find following corresponding relationship between 
symmetrical distributions of 5-th roots of e l£ and moving direction of solutions. 

(1) (e* £l , — e _J£l )| ei= jL —> the hrst distribution of 5-th roots of e l£ —> (pi = kie l£1 ,qi = 
—kie~ l£1 )\ £1= ji. inequation m —> left-going two-peak soliton in equation 

(2) (e* £l , —e _ * £l )| ei= 3 ^ —»the second distribution of 5-tli roots of e l£ —> (p± = kie l£l , q\ = 
— kie~ l£l )\ ei= 3 2L in equation © —» right-going one-peak soliton in equation ©; 

(3) (e l£1 , e~ l£1 ) | 22 r —> the third distribution of 5-th roots of e l£ —> (pi = kie l£1 ,q\ = 

fcie _ * £l )| ei= 2 ^ in equation (1371) —> left-going periodic wave in equation (1371) : 

(4) (e* £1 , e~ l£1 )\ £l= ± !L —> the fourth distribution of 5-th roots of e l£ —> (jp\ = Aqe* £1 ,gi = 
k 1 e~ l£l )\ ei= 4 ^ in equation (1371) — » right-going periodic wave in equation (1371) . 

There are only four distributions of 5-th roots of e* £ , which are symmetric respect with x-axes 
or y-axes. However, there exist several other pairs of roots in the above four distributions 
which will result in divergent solutions of bKK through the above procedure. For example, 
Pi = kie io ,qi = —kie io or pi = k\e w ; = fc 1 e io. 

Let us now concentrate on the two-peak soliton solution in equation 
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Lemma 4.1. Let x > 1, constant a > 0 and function 


V = y(x) 


1 + 2 


then 

(1) if a >1/2, || < 0; 

(2) if a = 1/2, then ^f\ x =i = 0; 

(3) if\>a> 0, then there exists one point x\ > 1 such that || 

maximum point of y, and ||| > 0. 


(64) 


0, X\ is one extreme 


Proof. We have 


f>v _ lQ 2a ~ x ) 

8x u+a 3 


(65) 


Firstly, y x < 0 if a > 1/2. Secondly, if a = 1/2, y x — 0 when x — 1. At last, if 1/2 > a > 0, 
there exist x± > 1 such that T/a, = 0. Note that y x > 0 if x € (l,ar), y x < 0 if x > x\. So x\ is 
one extreme maximum point of y. □ 


Proposition 4.4. Let a, b , k be positive constants, £ = kx + ct, c G R, for following kind of 
solution 

6 ( 1 + cos^) 


u = 


(cosh2£ + i) 


2 > 


( 66 ) 


(1) if a > 1/2, u has one peak in its profile defined by £ = 0; 

(2) if 0 < a < \, then there exist two peaks in profile; 

(3) There exist no more than two peaks in a soliton give by equation 16'61) . 


Proof. By calculation, we have 


2 kb sinh 2£ Q — 2 a — cosh 2£) 
a (cosh 2£ + ^) 3 


(67) 


According to the Lemma 14. II we have 

(1) a> 1/2, there exist £ = 0 such that u x — 0 because sinh 2£L 0 = 0. Note (^ — 2a — cosh 2£) 
<0. 

(2) a = 1/2, there exist f — 0 such that u x — 0 because sinh 2£ |^ =0 = 0 and Q — 2a — cosh 2^) | 
= 0. However, let |^| be sufficiently small, we have u x < 0 if £ > 0 and u x > 0 if £ < 0. 

So £ = kx + ct = 0 defines one extreme maximum line of u(x,t) on (x,t) plane. 

(3) 1/2 > a > 0, there exist £ = 0 and £i > 0 and £ 2 = — £i < 0 such that u x = 0. But 
u x > 0 if £ < —£i; u x < 0 if £ e (-£i,0); u x > 0 if £ e (0,£i); u x < 0 if £ > &. So 
£ = kx + ct = 0 defines one extreme minimal line on (x,t) plane; 0 < £i = kx + ct and 
0 > —£i = — (kx + ct) define two extreme maximum lines on the (x,t) plane. 

Using u —> 0 if |£| —> oo, conclusions are proven. □ 


Comparing equation m with equation © we get a = sinci, and then can understand why 
sin£i| ei=7r / 10 will lead to two peaks in one soliton of bKK but sin£i| £1=37r / 10 will lead only to 
one peak in one soliton of bKK. On the other hand, one soliton solution of u in equation m 
have one peak or two peaks(maximum case) in its profile. According to analysis above, we can 
claim from the point of view of reduction in KP hierarchy that the existence of two peaks in 
the soliton is traced to three facts: 
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(1) The Grammian r function in Proposition 14. II which determines the form of soliton in 
equation (ESI); 

(2) The order of n-reduction, i.e. n > 5 can produce two peaks soliton in KP hierarchy; 

(3) The phase £i of n-th root(n > 5) of e l£ , such that 0 < a = sin£i < 1/2. 

Now we turn to the more complicated from Proposition 14.11 which generates the two 

soliton and periodic solution with two spectral parameters of bKK equation. The first case is 
the two soliton solution. 

Lemma 4.2. Let <pf ' 1 = </>(A x,t),i = 1,2, defined by Eq. UfR) . = xk, cose * + tkf cos 3£,, rji = 

xki sin £j + tkf sin 3e tl i = 1,2, then t^k” 1 \ n=2 gives out 


+ 


z\e 


-2(a+6) 


BA 2 [BA 2 


( 2 + 2 ) _ a2 a 2 2i(in+m) x 

'bKK “ /1 1 /1 2 6 X 

~* e 2 (£i+£2) 

4(fc 2 + + 2 /ci/c 2 cos(£i — £ 2 )) 2 4(fc 2 + k\ + 2k\k 2 cos(£i — £ 2 )) 2 J V ^2 

z 3 e 


SB 2 \ 2 -Zae-W 1 -* 3 ) (BA 2 


-Zn6 


+ 


4:ikik 2 (kf + k% — 2kik 2 cos(ei + £ 2 )) \^ 2 / Aikik 2 {k\ + k 2 — 2k\k 2 cos(£i + £ 2 )) \^i 

B 2 


z* 2 e 2 ^ 


2 ikik 2 sin e 2 (k 2 + k 2 + 2 kik 2 cos(£i — £ 2 )) (k\ + k\ — 2 k\k 2 cos(£i + £ 2 )) \A 2 


—z 2 e 2?1 


BA 2 (B 


+ 


2 ik\k 2 sin£ 2 (A:f + k 2 + 2kik 2 cos(£i — £ 2 )) (k\ + k 2 — 2k±k 2 cos(ei + £ 2 )) \Ai / \^2 

z\e 2 & (By 


2ik\k 2 sin £y (fc 2 + k 2 + 2 k\k 2 cos(£i — £ 2 )) (k\ + k 2 — 2 k\k 2 cos(£i + £ 2 )) 

-^e - 26 (BA (BA 2 


2ikik 2 sin £ 1 (k\ + + 2k\k 2 cos(£i — £ 2 )) ( k\ + k 2 — 2k\k 2 cos(£i + £ 2 )) \Aj V ^2 


BA (By 


— ((/c 2 + k 2 ) 2 — 4/c 2 /c 2 (cos 2 £1 cos 2 £ 2 + sin 2 £1 sin 2 £ 2 )) 

2 k\k 2 sin£! sin£ 2 (/c 2 + k 2 + 2Aqfc 2 cos(£i — £ 2 )) (&;f + k% — 2k\k 2 cos(£i + £ 2 )) \^4i / \^4 2 


( 68 ) 


Here Zi, i = 1,2, 3,4, are given in m z* means the complex conjugation of z^. 

^ ( 2+2') 

In order to extract physical r function r/ KK , we need following two Lemmas for suitable 


Lemma 4.3. For zi,i = 1,2, 3,4, as given in 13 the following identities 


2 _ 2 _ * 

+2 = z l z 3, z 4 = z l z 3 


( 69 ) 


hold. 
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Lemma 4.4. Let = i%, 

A.i Za 


- = and 95=\k\ 


ge = 9s = jfjp, 99 = feu, then 


\Z2\ 4 


£i 

4 



— 99, 


Z2 

—iz* 




— 9 8, 



(70) 

(71) 

(72) 


hold. 

Taking i = 1, 2, and relations in Lemma 14.41 back into Lemma 14.21 the physical r function 
^bKK^ i s obtained. 

Proposition 4.5. 


T, 


( 2 + 2 ) 

bKK 


e 2 (£i+£2) 


+ 


.99 e 


-2(?l+$2) 


Ak\k 2 {k\ + fcf + 2k\k 2 cos(£i — e 2 )) Akik 2 (k\ + k 2 + 2k\k 2 cos(£i — s 2 )y 

g 2 (€l-52) g-( 2 5l-?2) 


+ 


Akik 2 (k\ + fc 2 — 2k\k 2 cos(£i + e 2 )) 4kik 2 (kf + k 2 — 2Ai!A: 2 cos(£i + £ 2 )) 




2 /c 1 A :2 sin£ 2 (&i + k 2 + 2k\k 2 cos(£i — £ 2 )) [k\ + k 2 — 2kik 2 cos(£i + e 2 )) 

3 -2Q 


9 se 


+ 


2A:iA; 2 sin £ 2(^1 + fc 2 + 2k\ k 2 cos(£i — £ 2 )) (k\ + k\ — 2kik- 2 cos(£i + e 2 )) 

e 2 6 

2k\k 2 sin £1 ( k\ + k 2 + 2k\k 2 cos(£i — £ 2 )) (k\ + k\ — 2k\k 2 cos(£i + e 2 )) 
_ flee" 26 _ 

2 k\k 2 sin £ 2 (^i + k 2 + 2k\k 2 cos(£i — £ 2 )) ( k\ + k% — 2/c 1 /c 2 cos(£i + £ 2 )) 
g§{(k 2 + k' 2) 2 — ik 2 k 2 (cos 2 £1 cos 2 £ 2 + sin 2 £\ sin 2 e 2 )) 
kik 2 sin £1 sin £ 2 (k\ + k\ + 2k\k 2 cos(£i — £ 2 )) (kf + k 2 — 2k\k 2 cos(£i + £ 2 )) 


(73) 


The two solitons solution is u = (<9 2 log ). In particular, £1 = £ 2 = results in two 

overtaking soltions moving in negative direction; £1 = £ 2 = results in two overtaking soltions 
moving in positive direction; £1 = ^,£ 2 = fy results in head-on colliding two soltions. 

The second case is a periodic solution with two spectral parameters of bKK equation from 
Proposition 14.11 
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Lemma 4.5. Let fif' = 0(A x, t), i — 1, 2, defined by Eq. = xki cos £i +1kf cos 3 £i , rji 

gives 


xki sin + tkf sin 3£j(i = 1, 2) , f/ien 

(2+2) _ 4 2 4 2 2i(a+«2) y 
'bKK “ x 


n=2 


Z * e 2i(in+V2) 


4(fc 2 + + 2k\k 2 cos(£i — e 2 )) 2 4(kf + kj + 2 kik 2 cos(ei — £ 2 )) 2 


Zie -2i{in+m) 


BA LB. 




£i + 


5! 


Ak\k 2 ( k 2 -I - fc 2 ~t~ 2 k\k 2 cos(£i £ 2 ))' V ^2 / Ak\k 2 {kl^ -f- S - 2 k\k 2 cos(£ 1 A £ 2 )) V. 

^*e 2i,?1 /5 2 ' 

2k\k 2 cos £ 2 {k\ + k\ + 2k\k 2 cos(£i — £ 2 )) (k\ + k 2 + 2k\k 2 cos(ei + £ 2 )) \A 2 


z 2 e 


—2ii?i 


_ fBlY /^2 

2k\k 2 cos e 2 {k\ + fc 2 + 2 fci &2 cos(£i — £ 2 )) (fc 2 + kf 2 + 2k\k 2 cos(£i + £ 2 )) \A\) \7L 2 


^e 2i,?2 


Bi 


2k\k 2 cos £1 [kf + + 2k\k 2 cos(£i — £ 2 )) (kf + fc 2 + 2Aqfc 2 cos(ei + £ 2 )) \ A 1 

_ z 4 e- 2 ^ _ /-BA LB, 

2k\k- 2 cos£i(fc 2 + k 2 + 2k\k 2 cos(£i — £ 2 )) ( k\ + k 2 + 2k\k 2 cos(ei + £ 2 )) \Ai / \hl 2 

((/c 2 + k 2 ) 2 — 4/c 2 fc|(cos 2 £1 cos 2 £ 2 + sin 2 s l sin 2 £ 2 )) / B 4 \ LB 

kik 2 cos £\ cose 2 (k\ + k 2 + 2k\k 2 cos(£i — £ 2 )) ( k\ + k 2 + 2k\k 2 cos(£i + e 2 )) \ Al / \ A 


(74) 


Here Zi,i = 1,2, 3,4, are given m 171 z* indicates the complex conjugation of Zi. 

Similar to the two solitons solution of bKK equation, we need following two Lemmas to find 
suitable i = 1,2, to extract physical f^j <c H K 2) from equation (ITU) for periodic solution. 

Lemma 4.6. For Zi,i = 1,2, 3,4, as given in m the following identities 

z\ = Z!Z 3 , z\ = ^ (75) 

hold. 

Lemma 4.7. Let z k = \z k \e iek , k = 1,2, 3,4, be as given mfH and jfi = e - * 6 * 2 , ^ = e~ ldA , and 


hi I 


hi 1 ’ 

9 4 = 

4 ( 

Bfi 


a 2/ 

^ f 

Bi 



4B 

2 


hd : 


hi I • 


2 / D \ 2 

£3 I Bi 


zf VAi 


2 / T-l \ 2 

'2 


~ 93, 

11 *©© =flh 
B 2 \ _ z* A Bi_z 4 fBi 1 - - 1 _ 
~a 2 )~ 92) 


B 2 

a 2 


(76) 

(77) 

(78) 


hold. 


We can get the physical r function by taking ■§*■,? = 1,2 and relations in Lemma 14.71 

back into Lemma mi 
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Proposition 4.6. 

~ ( 2 + 2 ) _ 

1 bKK ~ 

f_ 2 COS 2 fa +7)2 ) _^_ 2^3 cos 2 fa - 7)2 ) _ 

+ ^ + 2k x k 2 cosfa — s 2 )) 2 4 k 1 k 2 (kf + k% + 2k\k 2 cosfa + £ 2 )) 2 

_ 2g 2 cos 27 )i _ 

2 kik 2 cos£ 2 (/cf + fcl + 2 kik 2 cosfa — e 2 )) + fc 2 + 2k\k 2 cosfa + £ 2 )) 

_ 2g A cos 27)2 _ 

2k\k 2 cos £\ (k\ + k 2 + 2k±k 2 cosfa — £ 2 )) (k\ + k% + 2k\k 2 cosfa + e 2 )) 

,9s((^? + A;!) 2 — 4fc^|(cos 2 ei cos 2 e 2 + sin 2 £isin 2 £ 2 )) 
fcfa cos£i cos £ 2 {k\ + k'l + 2k\k 2 cosfa — £ 2 )) (/c 2 + + 2/fa 2 cosfa + £ 2 )) 


(79) 


The periodic solution with two parameters k\ and k 2 is u = [d? logf^^j. Furthermore, 

£1 = e 2 = ff results in two overtaking waves moving in negative direction ; £\ — e 2 — ^ results 
in two overtaking waves moving in positive direction; £1 = ff>£ 2 = results in two head-on 
colliding waves. 


We have plotted soliton solutions of bKK in figure |21 and there periodic solutions with two 
spectral parameters in Fig. 01 


5. Periodic and soliton solutions of bSH equation 

The r function of the bSH equation is still in the form of a Grammian although the bSH 
equation does not belong to the CKP hierarchy, which is obtained in [38] through the Backlund 
transformation. Similar to the bKK equation, its r function is in the form of Grammian, we 
can find r function T^gy 1 '* and of bSH from Grammian t function. Let the initial value be 
u = 0 in equations © and m, then = (p(Xi] x,t) are solutions of 

dfafa; x , t) = AfaA*; x, t ), d0fa,.;+) = ^ 3 ^.. ^ ^ (80) 

Proposition 5.1 (see Ref. [38]). The r function o/bSH equation generated by Backlund trans¬ 
formation from initial value u — 0 is 


(n+n) _ j rr, / 1 (0) AO) 

' bSH — lvv n,n\ ( Pn +n-H 


4bM, 

Mi- 

--,M) 





/M- 

A 

/M- 

M 

IA 

M 

M 0) 

fa) 

Pn-l 

/M 

M 


Mb 

■A 

/Ml 

■M 

I Mi 

•4 0) 

/Mi 

.fa) 

S+i-l 

/Mi 

4 0) 


/M- 

A 

/+' 

M 

J M 

4 0) 

... /m' 

fa) 

Yn-1 

/M 

M 


I A- 

A 

M 0) - 

A 

/M 

4 0) 

... /4») 

fa) 

( Pn -1 

/M 

M 


and the solution u of bSH from initial value zero is 

u = (^logr^J n) ) ( 82 ) 

Here <ff ] = 0(A p,x,t) are solutions of equation HWi) . 
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FIGURE 3. Soliton solutions of the bKK equation (USD- Top left: one left-going 
(two-peak) soliton when e 1 = yL and k\ = 1.2. Top right: two left-going soliton 
when k\ = 2, k 2 = 1.3, £\ — £2 — Bottom: Head-on collision of left- and 
right-going solitons when k\ = 1.8, k 2 = 1.3, £1 — ^,£2 — jfi- 


In fact, rl gj n) can be generated by gauge transformation T n+ k\ n=k - The Lax pair of bSH is 

3 

TbSH — dt + 4ii<9 2 + 4 u x d x + 2 u xx + 4 u 2 + v, + 3ud x + —Wx, 

and satisfy L£ SH = L bgH ,M^ SH = —M bgH . Similar to the CKP hierarchy, let T = T 1+1 = 
T/('0i 1 ^)Td(0i°' > ), and do gauge transformation L® H = TLy^T -1 . So (-L^sh)* = L b sH requires 
Td('0i 1 ^)L/(0^) = Ti{^' > )Td{4>\^) as we have seen in CKP hierarchy. The remaining pro¬ 
cedure is the same as the gauge transformation of the CKP hierarchy as well as the bKK 
equation. Of course, the generating functions (0-°\^°' ) ) = (0(A,; x, t), ^(A*; x, t)) satisfy equa¬ 
tion © and equation 0 if the initial values are u 7 ^ 0 , v 7 ^ 0 , or equation (18011 if the initial 
values are u = 0 , v = 0 . 

Remark 5.1. We should note that LbSH|„ = o = d x + Audi + 4 u x d x + 2 u xx + 4n 2 = (<9 2 + 2 u) 2 = 
L^dv- The Lax pair of the KdV equation is 







SOLVING BI-DIRECTIONAL SOLITON EQUATIONS 


21 



FIGURE 4. Periodic solutions with two spectral parameters of bKK equation 
(gSD - Top left: left-going periodic solution with k x = 0.2, k 2 = 0.3, £:i = £2 = ff • 

Top right: right-going periodic solution when k± = 0.4, k- 2 = 0.5, £1 = £2 = 

Bottom: Collision of left- and right-going periodic solution when k\ = l,/c9 = 

1.5,ei = g,e 2 = S. 

3 

Ticdv = dl + 2u, Micdv = + 3 ud x + —u x . 

Td^T) generates a single soliton solution of the KdV from zero initial value. Here <5]°' 1 = 
4>(Xi,x,t) satisfy L K dv4>(Xi]Xit) = Ai</>(Ai;x, t) arid — M K dv0(Ai; x, t) simultaneously. 

The left-going multi-soliton can be produced by using repeated iteration of To¬ 
lu order to get real and smooth solutions, such as soliton and periodic solution, we should 
construct physical r function fbSH from T^g^ which is complex and related to 4-th roots of 
e l£ . The case of n — 1 and n = 2 will be discussed in detail. Let us start to discuss the single 
soliton with two directional propagation. To do this, similar to the above two sections, we 
should assume the solution of equation (1KU1) as 

</>(Ai ;x,t) = + Bie qiX+q i t , Pl = k 1 e i£ \q l = -k x e~ i£ \k\ = |Ai|,Aq e R, (83) 








22 


JINGSONG HER, YI CHENGfAND RUDOLF A. ROMERJ 


or 


= A ie pix+p3 T + B 1 e gix+ d t , p 1 = k l e i£ \q l = k ie ~ i£1 ,kf = |A X |, h e R. (84) 


For 0(A i\x,t),i = 
1,2, instead of kf 

a (1+1) f (n+n) 

r bSH fr ° m RSH 


1,2, the difference between here and above two sections is the kf = \Xi\,i = 
= |Aj|,i = 1,2. From Proposition 15.11 we can extract physical r function 

71. = 1 


Proposition 5.2. Let £i = xk\ cosey + tkf cos 3ei, = ie £1 , and = 0(Ai m ,x,t) as defined 
by equation then the physical r function o/bSH extracted from | n= i is 


+(i+i) 

' bSH 


= e 2 ? 1 + e" 2 * 1 + — 
sin £ i 


(85) 


and the corresponding single soliton u 



is 


Here E\ 
Proof. 


4*?(co S£l )’(l + ^) 

U = - 2 -• 

(cosh 26 + 

|. The velocity of the soliton is v = — fc 2 ^ 3 ^ 1 | El =| > 0. 


t, 


(i+i) 

bSH 





+ e- 2 «' + —) 
sin £ i J 


( 86 ) 


(87) 

□ 


As we discussed in Remark o the left-going soliton can also be generated by T D . 


Proposition 5.3. Let 6 = (xfcicosei + tkf cos3ei)| £l=0 , and R, = 0(Ar x, t)| E1=0 as defined 
by equation \8A) . then the physcial r function o/bSH generated by Tn((pf ] ) is 


f (D 

' bSH 




= 1 + T 1 e 


( 88 ) 


and the corresponding single soliton u 



is 


AU2 M 
4/c i B 1 


u = 


e-a + |i e a) 


2 • 


Here 

A>1 


> 0. T/ie velocity of the soliton is v = — k{ < 0. 


(89) 


Proof. 

T vsn = 01 O) = 5 1 (9°) 

It can be clarihed by (u = 0, v = 0) — p( ^ > — - > («( 1 ) ^ 0, lA 11 = 0), and then r^ H = 0^ o) . □ 

On the other hand, if (pf ' 1 = 4>(Xi m ,x,t) as defined by equation (|%3j) . then we can get periodic 
solution from Proposition 15. II 
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Proposition 5.4. Let rj\ = x/iqsinei + tkf sin3£i ; A\ = B\ = 1 in (f>^\ then the physical r 
function o/bSH equation for periodic solution extracted from | n =i is 

^sh 1 ' = —+ cos(2?7i - ei) (91) 

LUb C 

and the corresponding peroidic solution u = ( d 2 logf^ 1 ^) is 


Here eq 
Proof. 


u = 


-Akf sin 2 £\ ( cos ^~ 2 ^ + l) 

1 1 y cosei J 


+ cos ( 2? b - £ i))' 


The velocity of the solution is v = —k' H""' 1 


1= z < 0. 


t, 


(i+i) 


bSH 


= /«■ f ”) 2 = 


g2(xfci cosei +tk\ cos3ei) 


4£q 


COS£i 


+ cos( 2 ? 7 i - eq) 


(92) 


(93) 

□ 


There are some relationship between the distributions of 4-th roots of e %£ and moving direction 
of solutions. 

(1) (e* £1 , — e _ * £1 )| ei=0 the first distribution of 4-th roots of e l£ —> (pi = Aqe* £1 ,<jq = 
—Aqe _i£l ) | ei=0 in equation (j%Hll —> left-going soliton in equation (jHHl) : 

(2) (e* £l , —e_l£l )|ei=f th e second distribution of 4-th roots of e l£ —> (pi = Aqe l£l , q x = 
— kie~ l£1 ) U=| in equation (1HH1) —> right-going soliton in equation 

(3) (e* £1 , e _l£1 )| £l= ! the third distribution of 4-th roots of e l£ —> (pi = k\e l£1 ,q\ = 
/cie _ * £1 )| ei= z in equation (jHH) —> left-going periodic wave in equation (E2D. 

In the above discussion, we know the right-going soliton and left-going periodic wave of 
of bSH have the completely same form with the bKK equation, except eq = 7 t/ 4 instead of 
£\ = 7r/10 and eq = 37t/ 10. The reason is that the r function of two equations is in the same 
Grammian of generating functions <ff\ and generating functions 0-°' ) for two equations satisfy 
analogous linear partial differential equations with constant coefficients, i.e. equation m f° r 
bKK equation, equation m for bSH equation. These relations between bKK and bSH are still 
true for their two soliton and two parameters periodic solutions. 


Proposition 5.5. The two right-going solitons are given 


u = 



(94) 


in which f b gy 2 ' ) 


is 


y (2+2) _ ~ (2+2) | 
bSH — 'bKK |£i=£2=tt/ 4 


and r (2+2 ^ 
ana + bKK 


is given by Proposition E3 


(95) 


Proposition 5.6. The right-going periodic wave with two spectral parameters k\ and k 2 is given 
by 


u = 



(96) 
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in which t,^^ 2 '’ 


is 


.( 2 + 2 ) _ .( 2 + 2 ) | 
bSH — bKK |£i=£2=tt/ 4 


( 97 ) 


and is given by Proposition ^. 6 | 


According to the analysis in Remark 15. 11 two left-going solitons of bSH equation can be gen¬ 
erated by a chain of gauge transformations (u = 0 ,u = 0 ) ( u ^ ^ O,^ 1 ) = 0 ) - D ^- - > 


(rb 2) 7 ^ 0,rA 2 i = 0)(using the notation of [27]), 0- O) = (f>(\i;x,t)\ ei =o,i = 1,2, are defined by 
equation (IKTH) . Their t function of bSH generated by T 2 = T D (^)T D ((l)^) is 


r (2) - 

' bSH — 


7 

A 01 

,(»> 

+0) 

1,X 

T2,x 


(98) 


(2) ^ ( 2 ) 

From t(; sh we can obtain the physical r function f(; SH and two soliton solution. 

Proposition 5.7. Let 0® = 0(Ap x, t)| ei=0 are defined by equation £* = kiX+kft,i = 1,2. 
If yf > 0, ^ < 0, k 2 > k\ , then the physical r function r^ H is given by 

= i k 2 ~ fci)e fl+& - + k 2 )e~^ 1+ & 

Ai A 2 

~{k 2 - + ^(k x + k 2 )e-^-&. (99) 

A 2 Ai 

The two soliton solution is u = (<9 2 logf^ H which is left-going. 


The collision of two soliton is generated by gauge transformation chain (u — 0, v — 0) - - —> 

uyl 0, f/ 1 ) = 0 ) (] m ( 2 ) -j- 0 )V ( 2 ) ^ o), 0^ = 0 (Ai; x, t )| £l=0 is dehned by equa¬ 
tion (l8lijl . = 02 °\ = 0 (A 2 ;x, t) is dehned by equation (l83j) . 

function of bSH is 


The corresponding r 


-( 2 + 1 ) 
' bSH 


/4 0, 4 0) d“Vf 

vfWf 

/4 0) 4 0) 

4 0) 4 0) 

4" 1 4°’ 


4 0> 

4 0> 


( 100 ) 


Taking 4>f\i = 1,2, back into equation CDDD, we have its explicit expression as following 
Lemma. 
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Lemma 5.1. Let £1 = xk\ + tkf, f 2 = xk 2 cos £2 + tk% cos 3 £ 2 , 77 2 = xk 2 sin £ 2 + tk% sin 3 £ 2 , Zi = 
Ci + di,i — 1, 3, 5, as given in E3 


■SI 1 ’ = e 1,r °A\A ix 




zie 


-Cl — 2^2 


2k 2 {k\ + k% + 2kik 2 cos£ 2 ) 2k 2 (k\ + /cf + 2 fci/c 2 cos£ 2 ) \A 2 J \Al 


B, 


B 1 


* P — C1+2C2 


z.;e 


Bi 


z 3 e' 


C1-2C2 


5, 


2k 2 (k\ + fcf — 2k\k 2 cos£ 2 ) V-^i/ 2k 2 (k\ + ■«- 2k\k 2 cos£ 2 ) \^2 


25 e s 


sin £ 2(^1 + k\ + 2k\k 2 cos £ 2 ) (/sf + — 2 /ci/c 2 cos £ 2 ) V ^2 


* P -Ci 




Ih 


ik 2 sin£ 2 (fcf + k 2 + 2 A:iA : 2 cos £ 2 ) — 2 /cifc 2 cos £ 2 ) \^2 

Lemma 5.2. For z\ = |^|e 0i (i = 1,3,5), the following identities 


Bi 

A! 


zi z 5 = z 3 zl =e 2ld3 


are true. 


Lemma 5.3. Let z i: i = 1,3,5, be as given by\]2 if = |i, ff = i^, £2 = fiq = 
t/ien 


9 -aya 


^ Vv4 


Aj ’ 


_ z 3 f B 2 

9i ~\t 2 


B 9 


^ ^V^2/V^l7’ 


Bl 


( 101 ) 

( 102 ) 

96 = 1, 
(103) 


hold. 


With the help of Lemmata 15.21 and 15.31 we deduce the physical r function of colliding two 
soliton of bSH equation from Lemma 15.11 

Proposition 5.8. Let g 2l g± be given as in Lemma \5.,‘A then 


r v 


( 2 + 1 ) 

bSH 


0C1+2C2 


+ 


92 e 


-C1-2C2 


2 k 2 (k\ + fcf + 2k\k 2 cos £ 2 ) 2 k 2 {k\ + k% + 2k\k 2 cos £ 2 ) 


^ Ci+2C2 


9 4C 


C1-2C2 


+ 


2 k 2 (k\ + k“l — 2k\k 2 cos £ 2 ) 2 k 2 [k\ + k% — 2k\k 2 cos £ 2 ) 

e^ 1 

k 2 sin £ 2 ( kf + k'l + 2k\k 2 cos £ 2 ) ( k\ + k% — 2k\k 2 cos £ 2 ) 

p-Ci 


+ 


k 2 sin £ 2 (k\ T k^ T 2k\k 2 cos £ 2 ) (k\ k^ — 2k\k 2 cos £ 2 ) ( ^ ^ 

We have plotted the two soliton solutions of bSH equation in figure 0 and periodic solutions 
with one spectral parameter and with two spectral parameters of the same equation in figure 

El 


6. Lower and Higher order reductions 

In this section, we want to discuss the general character of soliton equation from lower 
order to higher order in one same sub-hierarchy. The purpose is to show the relation between 
propagation of soliton on (x,t) plane and the order of Lax pair, and show the difference between 
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FIGURE 5. Two left- and right-going as well as head-on colliding solitons for the 
bSH equation Parameters are chosen as: A\ = A 2 = 2, B 2 = — l,k 3 = 
1.5, k 2 = 2 (left); k\ = 1.5, k 2 = 1.3, eq = £ 2 = \ (right); k\ = 0.8, k 2 = 0.9, £2 = j 
(collision). 


the lower reduction and higher reduction. Let Lax pair of soliton equation is (L,M), which 
defines 0(A; x, t ) by 


L<j)( A; x , t ) = A0(A; x, t), -- = M<j)( A; x , t). 

There are some examples of n-reduction of the KP hierarchy. For the BKP hierarchy, 


Lax pair 

3-reduction 

5-reduction 

7-reduction 

9-reduction 

L 

b 3 

b 5 

b 7 

b 9 

M 

b 5 

b 3 

b 3 

b 3 

Equation 

SK 

bSK 

higher order 

higher order 


B§ — + 5 udg + 5 u x d^ + ^5n 2 H— —Uxx'jdx, 

SK [6,7] : 9 Ut + 45 u 2 u x + u XX xxx + 15 uu xxx + 15u x u xx = 0. 


(105) 


(106) 


(107) 

(108) 
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FIGURE 6. Left-going periodic solutions with one (left) and two (right) spectral 
parameters for the bSH equation Parameters: k\ = 1,£\ = ^ (left); k\ = 
0-2, k 2 = 0.3, ei = e 2 = f (right). 


B 5 and B 3 are given by equations m and (ED- For the CKP hierarchy, 

Lax pair 3-reduction 5-reduction 7-reduction 9-reduction 

L B 3 Br, B 7 By 


M 

Equation 


B 5 

KK 


B 3 

bKK 


B 3 B 3 

higher order higher order 


ffere 


15 


f ?5 — d x + 5udi -|— —u x d x + ( 5 u 2 + 


35 




0 X 5utlx “I - ~'U'r 


KK [8,9] : 9 u t + 45 u 2 u x + u xxx . KX -P15 uu xxx + 


75 


= 0, 


(109) 

( 110 ) 
(111) 


B 5 and B 3 are given in equations m and m- There are several even-reductions of the KP 
hierarchy as following, 


2-reduction 

B 2 

b 3 

KdV 


Lax pair 
L 
M 

Equation 

Now we start to discuss the BKP hierarchy. 


4-reduction 

B 4 

b 3 

bSH 


6-reduction 8-reduction 

Be B h 

b 3 B 3 

higher order higher order 


( 112 ) 


Lemma 6.1. Let £i = xk\ cos^i + tk\ cos 5^1, then fg 1+1 ' ) 


'SIC 


is expressed by 


f(i+i) 

'SK 


= T, 


(1+1) I 


'bSK l^->6 

and the corresponding single soliton is u = (d' x log fgjh 1 ^. The velocity of soliton 
— me? - — kf > 0. Here is given by Proposition 


(113) 


v = 


£ 1~ « 


Proof. Because the SK equation and bSK equation belong to the same sub-hierarchy BKP, 
so the results of bSK are also hold by SK equation only if we replace £i in bSK by £i = 
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xfcicosei + tk\ cos 5ei. For SK equation, the generating functions = 0(A i',x,t) of gauge 
transformation satisfy 

dl<t>{ A; x, t ) = A0(A; x, t ), = <9^(A; x, t), (114) 

which are different with equation (jHHl) for bSK equation. So fcj* = |Ai|. This difference deter¬ 
mines replacement in equation ra. Of course, similar to the bSK, we also should assume the 
solutions of equation (HH be the form of 

0(A x ;x,t) = + B l e qix+q * t ,p 1 = he ie \ qi = -k ie ~ i£ \kl = ^1,^ G R, (115) 


or 


= A 1 e pix+p " t + B 1 e qix+q '\p 1 = k x e i£ \ qi = k x e~ i£ \k\ = \\i\,ki G R. (116) 

Taking the generating functions in Eq. (11151) back into the Proposition 12.11 then we can 
extract 1 - 1 from The relation fg] < f 1 ' ) = is given by comparison. □ 


In particular, there are two distributions of roots of third-order of e l£ on circle, which is 
symmetric with respect to y- axes. However, they are corresponding to same single soliton 
solution. 

(1) (e*t,— one distribution of 3-order root of e l£ on unit circle —> [p x = 

<ji = —in equation (11151) —> a single soliton in Lemma f6.il 

(2) ^ one distribution of 3-order root of e l£ on unit circle —■> (jp x = , 

<ji = — in equation CISD —> one soliton as (1). 


Lemma 6.2. The higher order equations of the BKP hierarchy are defined by equation MU 61) . 
For the n-reduction equation of the BKP hierarchy (nBKP), n = 2 j + 1, j — 3,4, 5, • • • ; and let 
imp = xk m cos£ p + tkf n cos3e p , k^f = kff +l = |A m |, then the physical r function of the nBKP 
generated by T 1+1 is 


a( 1+1 ) _ y( 1+1 ) | 
nBKP — ' bSK hi->£ip’ 


(117) 


and the corresponding single soliton of the nBKP is u = (d' 2 logf^^p)- Here e v = = 

^|7r,p = 1, 2, 3, • • • , j, given by Proposition ^ . SI So the single soliton can move along 

j directions in (x,t) plane, which are given by £i p = 0 associated with j-value of e p given before. 


Proof. Comparing the nBKP with the bSK equation, the main change here is the Lax pair 
(L,M). The Lax pair of the nBKP defines the generating functions = </>(A p,x,t) are slight 
different as 

0"0(A; X, t ) = A0(A; x, t ), = cP0(A; x, t ) (118) 

and then we assume 

<j>{ Ai;x,t) = A x e pix+p3t + B ie qix+q3t , p 1 = he i£p , qi = -k ie ~ i£p , kf = |Ai|,fci G R, (119) 


or 


0(Ai ;x,t) = A ie pix+p3t + B 1 e qix+q3 \ Pl = k x e i£p , qi = k x e~ i£p ,kf = |Ai|, A?i G R. (120) 
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In order to avoid the divergence of u, we only take 0 < f p < |, and then f p = = |^7r, P — 

1,2,3, ••• , j. This change results to the emergence of £ mp = xk m cos£ p + tk^ , cos3e p , k^f = 
k^l +1 = |A m |. The and single soliton solution u = (dP. log TnBKp) can b e derived directly 

from the Proposition ^. H and the generating functions in equation (1119)1 associated with Ai 
for the gauge transformation. Further, for a given p, £ lp = 0 determines one moving direction of 
the single soltion on (x,t) plane, then the single soliton solution have j directions for propagation 
because p — 1, 2, • • ■ , j. □ 


From Lemmata EH EH and the results of the bSK equation, we have 


Proposition 6.1. (1) The single soliton u = [d? logf^BKpJ of the nBKP equation, n = 

2 j + 1, j = 2, 3,4, • • • , can move along a direction defined by £i p = 0 on (x,t) plane for 
a given p. 

(2) (e* £p , — e~ l£p ) one distribution of n-th order roots of e l£ on circle —» (p\ = kie l£p ,qi = 

—kie~ t£p ) in equation 17731 ) —> The single soliton moves along a line £i p = 0 on (x, t) 

nlane Here f f / ——— ——— ——— . .. U)—Ilzt\ 

pLune. neie t p t ^ Aj+2 , 4j+2 , 4j+2 , , Aj+2 j. 

(3) For a given n = 2j + 1, the single soliton of the nBKP have j directions to propagate 
on (x,t) plane, which are defined fi p — 0,p — 1, 2, 3, • • • j. 


Note that the result of j = 1 in above Proposition is given by Lemma f6.il 
Now we turn to the lower and higher reductions of the CKP hierarchy. Similar to the 
discussion of the BKP hierarchy in this section, we can obtain parallel results in the CKP 
hierarchy, so we write out the results without proof in the following to save space. 


Lemma 6.3. Let £i = xk\ cosei + tk\ cos he\, then t^k"^ can be expressed by 

^( 1+1 ) _ y( 1+1 ) | 

'KK — bKK la->6 


( 121 ) 


and the corresponding single soliton is u 


<9* log 


.(i-K) 

KK 


pA cos 5gi 
1 cosei 


7T 

6 


k\> 0. Here r, 


(i+i) 

bKK 


is given by Proposition 


The velocity of soliton is v_ = 


Lemma 6.4. The higher order equation of CKP defined by equation 17331) . For n-reduction of 
CKP hierarchy (nCKP), n = 2 j + 1, j = 3,4, 5, • • •. Let f mp = xk m cose p + tk ^ cos3£ p , = 
kff +1 = |A m |, then the r function of the nCKP generated by T 1+1 is 


y.( 1 + 1 ) _ y(l+l) I 
nCKP — 'bKK ki->£i P ’ 


( 122 ) 


and the corresponding single soliton of the nCKP equation is u = (df. logr^^pj. Here e p = 

2 n' K = TjT 2 7r ’ P = 1)2,3, ••• ,j , and Tbj <c H K 1 ' ) is given by Proposition \f.P\ So the single soliton 

can move along j directions on (x, t) plane, which are given by fi p = 0 associated with j-value 
of £ p given before. 


Using the Lemmata 16.3116.41 and results for the bKK equation, we get 

Proposition 6.2. (1) The single soliton u = [df. log T^c^p j of the nCKP, n = 2 j + 1, j = 

2, 3,4, • • •, can move along a direction defined by £ lp = 0 on (x, t) plane for a given p. 
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(2) [e l£p ,—e l£p ) one distribution of n-th order roots of e l£ on circle —> (p\ = k\e l£p , q\ = 
—kie~ l£p ) in equation m —> the single soliton moves along a line fi p = 0 on (x, t) 

r)larte Here f U 1 ——— ——— ——— • • • —l\ 

puine. | 4j . +2 , 4i+2 , 4j . +2 , , 4j+2 j. 

(3) For a given n = 2 j + 1, the single soliton of the nCKP can move along j directions on 
(x,t) plane, which are defined by fi p = 0,p = 1,2,3, •• • , j. 

(4) In particular, if 0 < e p < 7r/6 , u = (d? logf^^p^ is a two-peak soliton. 

In above Proposition, the case of j = 1 is given by hem ma id. 31 This Proposition shows there 
exist several single two-peak solitons for nCKP if n > 11 . 

Corollary 6.1. There are two single two-peak solitons for 11-reduction of CKP hierarchy, i. 
e. 11CKP equation, 'Uiickp = (dx l°g 'Tkk ^ j > * n which £\ = 7t/22 and £i = 37t/22 respectively. 

Here is given in equation 1^58 1) 

We have plotted it out in hgure[7|with k\ = 0.8. 



-15 -10 -5 0 5 10 15 

X 


Figure 7. Left-going two-peak soliton with dashed line (ei = 7t/ 22) is faster, 
left-going two-peak soliton with full line = 3n/22). The left is plotted when 
t = 10, the right is plotted when t = —10 


We have known that a = 1/2 in Lemma 14.11 and Proposition 14.41 is one crucial point to 
exist one-peak soliton or two-peak soliton. It is more interesting that a = 1/2 will lead to 
’’stationary” soliton of higher reductions of the BKP and the CKP hierarchy, which is not 
moving on (x,t) plane. When £i| ei=7r / 6 = (fcixcosei + tk\ cos3£i|) ei=7r /6 = (/ci^cosei), is 
independent with t. So u is independent with t by taking this ^ into Proposition 13.21 and 
Proposition 14.21 
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Corollary 6.2. (1) There exists ”stationary” single soliton for the 9-reduction of BKP 

hierarchy, which is tigBKP = ( df log) | ei=37r / 18 . Here is given by Proposition 

U3 

(2) There exists ’’stationary” single soliton for the 9-reduction of CKP hierarchy, which is 
«9CKP = (f^x 1°SR>kk } ) I £1 =37T/18- Here Hkk is 9 iven by Proposition 

We have plotted out ” stationary” soliton for the 9-reduction of CKP in figure |H1 when ki — 1. 
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FIGURE 8. Left: ’’stationary” soliton for 9-reduction of CKP, Right: Single 
two-peak soliton for 8-reduction of KP. 

Corollary 6.3. There is single two-peak soliton u = (d* log|, 1=7r / 8 for 8-reduction of 

the KP hierarchy; there is ’’stationary” single one-peak soliton u = ^<9^ log f^gg 1 ^ | £i=7r/ , 6 for 

the 6-reduction of the KP hierarchy. Here TbSH^) is given by Proposition EB 

The two-peak soliton for the 8-reduction of KP hierarchy is plotted in figure |H] when ki = 1. 
For our best knowledge, this is first time to report the even-reduction of the KP hierarchy also 
has two-peak soliton solution. The possession of two-peak soliton solution is not sole property 
of CKP hierarchy. 


7. Conclusions and Discussions 

We have presented a systematic way in which to obtain the solution of the n-reduction 
(n = 4, 5) from the general r function of the KP hierarchy. Our approach is based on the 
determinant representation of gauge transformations T n+ *. [27] and r < ' n+fc ' ) [26]. It may be sum¬ 
marized as follows: 

(n+k) constraints of GFs and k=n ( n+k) / (n+fc) \ 5-reduction ( n+k) i /-p-i \ ot,' UT.'T.^ 

T t r BKP O CKP ) > T Eq |fc=nfn' c l — DoJA, DIVlVJ 

assume the form of (/)jand find suitable-^ 2 - , , 

- P efficient r function , | fc=n=12 . We have applied this ap¬ 
proach to various equations. The one soliton, two soliton and periodic solution are constructed 
for bSK, bKK and bSH. We show the corresponding relation between the distribution of 5-th 
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(or 4th) roots of e l£ on the unit circle and several types of solutions (left-going one soliton, 
right-going one soliton, left/right-going periodic solutions). We also show the reason for the 
existence of the two-peak soliton. Furthermore, the lower reduction and higher reduction of 
BKP, CKP, and the even-reduct ions are explored by this method. Our results show that the 
soliton of the n-reduction (with n = 2j + 1, j = 1, 2, 3,...) of BKP and CKP can move alone 
j directions, which are defined by £ lp = 0. Each direction corresponds to one symmetry dis¬ 
tribution of n-th roots of e l£ on the unit circle. This supplies a very natural explanation why 
the 5-reduction BKP (or CKP) has bi-directional solitons whereas the 3-reduction of BKP (or 
CKP) has only single-directional solitons. At last, the two-peak soliton is not a monopolizing 
phenomena of only the CKP hierarchy. Rather, we find that the higher-order even-reduction 
of KP also exhibits two-peak solitons and we elucidate the criterion for its existence from the 
Grammian r function. At the same time, we show there is not three and more peak soliton from 
Grammian r function. The ’’stationary” soliton for higher order reduction of KP hierarchy is 
also obtained. 

We think that it is possible to construct an AT-soliton solution of the bSK, bKK and bSH 
equations by this approach. Namely, there exist suitable ^ (i — 1,2,*-- ,N) such that we can 

find a physical r function for these equations from a complex-valued r^ N+N ' > |E q , which 

is symmetric because we have assumed generating functions </>j in equation PI) and equation 
pp with symmetric form. Here Eq = bSK, bKK, bSH. Additionally, it is worthy to discuss the 
phase shift in the collision of one-peak soliton and two-peak soliton. Furthermore, it is possible 
to construct solutions for bSK, bKK and bSH from constant initial value u = constant ^ 0, 
which is parallel to present results. 

Upon completion of this work, Prof. V. Sokolov kindly pointed out Ref. [40] where equations ((HI 
mm and their Lax operators as well as the Lax operator L = d + ud 1 u for KdV equation have 
been obtained for the first time. 
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Appendix A. bSIv equation 
Take Zk = Ck + idk{k = 1 , 3 , 5 , 7 ). Then 

ci = k\k2 cos(ei + £2) \k\ cos 2 e\ + k% cos 262 + 2Ar k-2 cos(ei + £2)] 

+&i&2 sin(£i + £2) [k\ sin 2 e\ + k% sin 2£2 + 2k\k2 sin(£i + £2)] (1) 

d\ = —k\k2 cos(£i + £2) \k\ sin 2 e\ + k% sin 2£ 2 + 2k\k2 sin(£i + £ 2 )] 

+&i &2 sin(£i + £2) \k\ cos 2 e\ + k% cos 2£2 + 2k\k2 cos(£i + £2)] (2) 

C 3 = k\k2 COs(£l — £2) \k\ COS 2£i + ^2 cos 2£2 — 2k\k2 COs(£l — £2)] 

+k\k2 sin(£i — £2) \k\ sin 2e\ — k% sin 2£2 — 2 k\k 2 sin(£i — £2)] ( 3 ) 

c?3 = —k\k2 cos(£i — £2) \k\ sin 2 e\ — k% sin 2£2 — 2 k\ /C2 sin(£i — £2)] 

+^1^2 sin(£i + £2) [kf cos 2 ei + k% cos 2£2 — 2 k\k 2 cos(£i — £2)] ( 4 ) 

C5 = 2 /c 1 /c2 sin £2 [ cos £1 (k\ cos 2e\ — A; 2 — 2 k\k 2 sin£i sin£2)] 

+2&1&2 sin £2 [ 2 fei cos£i sin£i(&i sin£i + /c2sin£2)] ( 5 ) 

c?5 = — 2k\k2 sin£2 [2Ar cos 2 £1 {k\ sin£i + k? sin£2)] 

+2k\k2 sin£ 2 [sin£i (k\ cos 2 £i — k% — 2k\k2 sin£i sin£2)] (6) 

C7 = 2 k\k/2 sin£i [ cos £2 (A; 2 — Aif cos ^£2 + 2 /q Aq sin£i sin £2)] 

— 2 k\k 2 sin£i [2&2 cos £2 sin£2(^1 sin£i + k2 sin£2)] ( 7 ) 

d,7 = 2k\k2 sin£i [2/C2 cos 2 £2 (At sin£i + k2 sin£2)] 

+ 2 Ar k2 sin£1 [sin£2 {k\ — A; 2 cos2£2 + 2 k\k 2 sin£i sin£2)] (8) 


Appendix B. bKK equation (two solitons) 
Take Zk = Ck + idk{k = 1, 2,3,4). Then 

ci = cos(£i + £ 2 ) [k\ + k% + 2kik 2 cos(£i - £ 2 )] 2 


—Ak\k 2 [k\ cos 2 ei + k 2 cos 2£2 + 2 At &2 cos(£i + £ 2 )] ( 1 ) 

d\ = sin(£i + £ 2 ) [k\ + kl + 2k\k 2 cos(£i - £ 2 )] 2 

—Ak\k 2 [k'j sin 2 ei + k % sin 2£2 + 2 k\k 2 sin(£i + £2)] ( 2 ) 

C2 = COS £1 [kf + &2 + 2/Cl k ‘2 cos(£i — £2)] [kf + k\ — 2,k\k2 cos(£i + £2)] 

— 4 /ci/c 2 sin£ 2 (/c 2 sin2£i + 2k\k2 sin £2 cos£i) (3) 

c ?2 = sin£i \k\ + A ; 2 + 2k\k2 cos(£i — £ 2 )] \kf + k% — 2k\k2 cos(£i + £ 2 )] 

+Ak\k 2 sin£ 2 (fc 2 cos 2 £i — A : 2 — 2k\ A' 2 sin£i sin£ 2 ) (4) 

c 3 = cos(£i - £ 2 ) [A : 2 + k% - 2kik 2 cos(£i + £ 2 )] 2 

+4Ar k 2 \kf cos 2s 1 + A ; 2 cos 2£2 — 2 At &2 cos(£i — £ 2 )] (5) 

d 3 = sin(£i - £ 2 ) [A ; 2 + k% - 2k\k 2 cos(£i + £ 2 )] 2 

+ 4 A:iA :2 \k\ sin 2 £i — A ; 2 sin 2£2 — 2k\k2 sin(£i — £ 2 )] ( 6 ) 

C 4 = cos £2 [A : 2 + Aif + 2k\k2 cos(£i — £ 2 )] [kf + k% — 2k\k2 cos(£i + £ 2 )] 

—Ak\k 2 sin£i(A ; 2 sin 2£2 + 2k\k2 sin£i cos £ 2 ) (7) 

d± = sin £2 [A ; 2 + A : 2 + 2k\k2 cos(£i — £ 2 )] [A : 2 + k\ — 2k\k2 cos(£i + £ 2 )] 

+4Ar k 2 sin £1 ( — k\ + A : 2 cos 2£2 — 2k\k2 sin £1 sin£ 2 ) ( 8 ) 
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Appendix C. bKK equation (periodic solutions) 

Take Zk = + idk(k = 1, 2,3,4). Then 

ci = cos(ei + e 2 ) [kf + + 2k\ fc 2 cos(ei - s 2 )] 2 

—4/cifc 2 [kf cos 2ei + k% cos 2e 2 + 2k\k 2 cos(ei + e 2 )] (1) 

d\ = sin(ei + e 2 ) [fcf + + 2/cx fc 2 cos(ei - e 2 )] 2 

—4fcifc 2 [& 2 sin 2ei + /cf sin 2e 2 + 2k\k 2 sin(ei + e 2 )] (2) 

c 2 = cosei \kf + k\ + 2fcifc 2 cos(ei — e 2 )] + &:f + 2 k\k 2 cos(ei + e 2 )] 

—4fci/c 2 cose 2 (/c 2 cos2ei + fcf + 2k\k 2 cosei cos£ 2 ) (3) 

d 2 = sinei \k\ + /c 2 + 2k\k 2 cos(ei — e 2 )] [fcf + + 2/cife 2 cos(ei + £ 2 )] 

—8kfk 2 cos e 2 sin £\ ( k\ cos £i + k 2 cos e 2 ) (4) 

c 3 = cos(ei - e 2 ) [fcf + £| + 2fci/c 2 cos(ei + £ 2 )\ 2 

—Ak\k 2 [k\ cos 2er + /cf cos 2e 2 + 2k\k 2 cos(ei — e 2 )] (5) 

d 3 = sin(ei - e 2 ) [k\ + k% + 2k\k 2 cos(ei + e 2 )] 2 

—Ak\k 2 [kf sin 2ei — & 2 sin 2e 2 + 2k\k 2 sin(ei — e 2 )] (6) 

C4 = cose 2 [kf + k% + 2fcife 2 cos(ei — e 2 )] + &:f + 2 &i &2 cos(ei + e 2 )] 

—4A:i/c 2 cos £i [A; 2 + fcf cos 2e 2 + 2k\k2 cosei cose 2 ] (7) 

di = sine 2 \k\ + /c 2 + 2k\k 2 cos(ei — e 2 )] [fcf + k% + 2k\k 2 cos(ei + £ 2 )] 

— 8kik% cosei sin£ 2 (A:i cosei + &: 2 cos£ 2 ) (8) 


Appendix D. bSH equation 
Take zk = Ck + idk(k = 1, 3,5). Then 


ci = 2 fc 2 (/c 2 cose 2 + k\) — (kf + & 2 + 2 fcifc 2 cose 2 ) cose 2 ( 1 ) 

d\ = 2k\ sine 2 — (kf + k\ + 2 k\k 2 cose 2 ) sine 2 ( 2 ) 

c 3 = 2fc 2 (/c 2 cose 2 — k\) — (kf + /c 2 — 2k\k2 cose 2 ) cose 2 (3) 

d 3 = 2/c| sine 2 — (kf + k% — 2At/c 2 cos e 2 ) sine 2 (4) 

C 5 = 2 /c 2(^ 2 + ^l) sin 2 e 2 — (fei + + 2fcife 2 cose 2 )(fci + — 2 /ci/c 2 cos£ 2 ) (5) 

c ?5 = A ; 2 sine 2 [2k\(kf + A: 2 ) — 4At & 2 cos 2 e 2 ] ( 6 ) 
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